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Muc dich ciia bai viét nay 1a thiét 1ap mot sé két qua vé Gia thuyét Hayman trén truong phirc va p-adic. O
day, tac gia xem xét van de chia sé gia tri, m¢t so phién ban cua Gia thuyet Hayman doi véi cac da thire vi
phan dang /™ ((/)™) @ ..((f) ™ ™ trén trwong phirc va p-adic, cac toan tir sai phian va da thirc sai phan dang

P(f)ALf)"..(Mif)vaP(f) (f(z+e)"”..f(z+kc)™ trén truwong p-adic.
Tir khéa: Gid thuyét Hayman, ham phédn hinh, p-adic, truong sé phirc.

Chi s6 phin logi: 1.1

Hayman conjecture in the complex
and p-adic fields

Summary

The purpose of this paper is to establish some
results on the Hayman Conjecture in the complex
and p-adic fields. The author discusses the value-
sharing problem, some versions of the Hayman
conjecture for differential polynomials of the
form /™ ((f)™) @ ..((f) ™ in the complex
and p-adic fields, and difference operators
and difference polynomials of the forms

P(f) (Nf)" (Af) 1 and P (f) (f(z+ &) ono(f (2 + k)"
in a p-adic field.
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1. Mé dau

Ly thuyét phan bo gia tri do Nevanlinna [1] xay dung
duge xem 1a thanh tuyu dep dé nhat clia toan hoc thé
ky XX, ma ngay nay dudc goi 1a 1y thuyét Nevan-
linna. Noi dung chinh ctia Iy thuyét phan bo gia tri
13 hai Dinh 1§ co ban. Dinh 1y co ban thi nhat la
md rong Dinh Iy co ban ciia dai s6, mo ta sy phan
b6 déu gia tri cia ham phan hinh khic hing trén
mat phang phtic C. Dinh 1§ co ban thi hai la mé
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rong Dinh 1y Picard [1], mo t4 anh hudng cta dao
ham dén st phan bd gia tri cia ham phan hinh. Mot
trong nhiing tng dung sau sic cta 1y thuyét phan
bo gia tri la van dé xac dinh duy nhat cho cac ham
phan hinh khac hing phtic qua diéu kién anh ngudc
ctia tap hop diém ma ngay nay duge goi la Dinh 1y
4 diém, Dinh Iy 5 diém ctia Nevanlinna [1]. Ha Huy
Khoéi [2-6] 1a ngudi dau tien xay dung tuong tu ly
thuyét phan bd gia tri cho truong p-adic. Ong v céc
hoc tro da thiét lap cac két qua tuong ty 1y thuyét
Nevanlinna cho truong so phiic p-adic ma ngay nay
thuong goi 1a 1y thuyét Nevanlinna p-adic. Ho da dua
ra hai Dinh 1y chinh cho ham phan hinh va anh xa
chinh hinh p-adic. M6t trong nhimg tng dung sau
sac ctia Iy thuyét phan bd gia tri trong truong p-adic
la van dé xac dinh duy nhat cho cac ham phan hinh
khac hang p-adic qua diéu kién anh ngude ciia tap
hop diém ma ngay nay duge goi la tuong tur ctia Dinh
Iy 4 diém, Dinh 1y 5 diém cho truong p-adic. Van dé
xac dinh duy nhat lien quan chit ché dén van dé
nhan gia tri. Cac két qud lien quan dén hai van dé
nay la sau sic va phong pht. Muc dich ctia bai bao
nay la xét van dé nhan gia tri doi véi da thitc vi phan
clia ham phan hinh phic va p-adic - van dé liéen quan
mat thiét dén Gid thuyét Hayman ma ching toi sé

dé cap dén ngay sau day.
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2. Gia thuyét Hayman trong truong sb phiic

Hién nay, phan b6 gia tri va van dé xac dinh duy
nhat da dugce nhiéu nha toan hoc trong va ngoai nude
xét trong mdi lien hé véi da thic vi phan ctia ham
phan hinh v& anh ngudc ciia cac diém rieng ré. Ngusi
khéi xuéng hudéng nghién cttu nay la Hayman [1].
Nam 1967, Hayman [1] cling dua ra gid thuyét sau
day:

Gia thuyét Hayman [1, 7]. Néu mot ham nguyén
f thoa man f" (2) f (2) # 1 v6i n 1a mot s6 nguyen
duong nao dé va véi moi z € C thi f 1a hing.

Gia thuyét Hayman da duge Hayman [1] kiém tra
d6i v6i ham nguyéen siéu viet va n > 1, da dugc
Clunie [7] kiém tra dbi véi n > 1. Lién quan dén Gia
thuyét Hayman 14 van dé nhan gia tri cia da thic
vi phan. Hién nay, van dé nhan gia tri ctia da thic
vi phan la linh vye nghién cttu manh mé va so6i dong
vdi nhieu két qua sau sic.

Nam 2006, Nevo - Pang - Zalcman [8] da nhan
duge két qua sau:

Dinh 1y 1 [8]. Néu f la ham phan hinh siéu viet
tren C vin > 1 thi f*(2) f () nhan gia tri phic
khac 0 bat ky vo han lan.

Cha ¥ ring, ta c6 thé viét f*f = n%rl(f"ﬂ)l. Khi
do, Gia thuyét Hayman lam ndy sinh van dé nhan gia
tri cia dao ham bac cao ctia ham phan hinh. Nam
2007, Bhoosnurmath - Dyavanal [9] da dua ra dinh
Iy sau day:

Dinh ly 2 [9]. f 1a ham phan hinh siéu viét trén
C van, k 1a cac sd nguyén duong véi n > k + 3. Khi
d6 (f")® nhan gia tri phiic khac 0 bat ky vo han
lan.

Quan sat Dinh 1y 1, 2, ta thiy hai dinh ly nay
khong suy ra dugc ham 13 hang - doi hoi tryc tiép
ctia Gia thuyét Hayman. Tit nhan xét nay, ching toi
thay can thiét phai thiét lap kicu dinh 1y dé tir d6
tryc tiép kiem tra duge Gid thuyét Hayman. Nam
2012, Ha Huy Khoéi - Vit Hoai An [5] da dua ra két

qua sau:
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Dinh 1y 3 [5]. Cho f la ham phan hinh trén C
va n, k 1a cac s6 nguyén duong, n > k + 3, a € C,
a # 0. Néu (f")®)(2) # a, véi moi z € C thi f la
hing.

Dé chitng minh Dinh 1y 3, ta can cac bo dé sau:

Bb dé 4 [5]. Cho f 1a ham phan hinh khac hing
tren C va n, k 1a cac s6 nguyén duong, n > k va a la

cuce diém ctia f. Khi do

ny(k) _ Pk
(f ) - (Z o a)np+k’

trong lan can cta a, p = py (a), ¢r(a) #0

6 do6 ¢ 1a ham chinh hinh

Bo6 dé 5 [5]. Cho f Ia ham phan hinh khéc hing
tren C va n, k 14 cic s6 nguyén duong, n >k, a va b
la cuc diém va khong diem cta f. Khi dé

i)

MY

[k (2 — q)phtE

ii)
(s

fn—k

Bb dé 6 [5]. Cho f la ham phan hinh khac hing
tren C va n, k 1a cic s6 nguyén duong, n > k + 1.
Khi d6
T(r, f) < T(r, (f))+S(r, f), néi rieng (f")*
14 khac hing.

6d6 p=p¥(a). hila) £0

= (z=b)"" "8, 6 A6 m = p(b), S(b) # 0

Bé dé 7 [5]. Cho f la ham phan hinh khac hing
tren C va n, k 1a cic s6 nguyen duong, n > k + 3,
a€C,a#0.Khido

n—k—2

—— T(r, f) < Ny(r,

W+)_a)+5(ﬁf)

Chitng minh ciia Dinh ly 3

Gia st f 1a ham phan hinh khac hang trén C. T

day, n > k + 3 va theo B6 dé 7 ta c6
n—k—2 Mg

n+k T(r, f) T(
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Nl(n W)
T(r, f)

Cho 7 tién ra vo han ta nhan dugc

0 v6i r dia 16n nao d6. Khi d6 (7)) nhan gia tri a.

Mau thuan. Vay f 1a hang trén C.

Nam 2016, Ha Huy Khoai - Va Hoai An [5] da
tong quat héa Dinh 1y 3 cho da thic vi phan kiéu
P = f((f)m®) ((f)™)®). Ho da nhan duge két
qué sau:

Dinh 1y 8 [5]. Cho f la ham phan hinh trén C,
k, ni,no,...,ng, 1,19, ..., tx 1a cac sd6 nguyén duong,

n 1a sd nguyén khong am thoéa man diéu kien

k k
nj>t;voimoi 1 <j<k n+d nj>3+» 1
p =1
a € C,a#0.NéuP # a, véi moi z € C thi f la
hing.
Dé chiitng minh Dinh Iy 8 ta can cac bo dé sau:
B6 dé 9 [5]. Cho f la ham phan hinh khac hing
tren C va k, ny, na, ..., ny, t1, ta, ..., t;, 1a cic s6 nguyen

duong, n 1a s6 nguyén khong am théa man diéu kien

nj >t véimoi 1 <j <k ntd ny>3+) taeCa#.

J=1 J=1

Khi do
nt+ Sk n; -k -2 1
D B U F - Sy —
n+> i gn—1 n+> n;—1 (fM® —a

+S(r, f).
Chitng minh Dinh ly 8
Gia st f 1a ham phan hinh khac héng trén C. T
day, n + 25:1 nj >3+ Zle t; va B6 deé 8 ta c6

nt Sjan - Liati—2 1 Ni(r, i)
”"‘Z?:l”j—l _n+2§:1nj—1 T(r, f)
S
EIGE)
T(r,f)
1
Ni(r, )

Cho 7 tién ra vo han ta nhan dudc >

I(r.f)
0 v6i r du 16n nao do. Khi d6 P nhan gia tri a. Mau
thuin. Vay f 1a hang trén C.
Trong nhitng nam gan day, van dé nhan gia tri
duge nhiéu nha toan hoc trong va ngoai nudc xét

trong mdi lien hé véi da thitc sai phan, toan ti sai

TAP CHI

HOA HOC ||,
ONG NGHE | [Cl N 14 32017

phan ctia ham phan hinh va 4nh ngudc clia cac diem
rieng ré. Nam 2006, Halburd va Korhonen [10] da
thiét lap tuong tu ctia 1y thuyét Nevanlinna cho toan
t1r sai phan ctia ham phan hinh ¢6 bac httu han. Nam
2007, 1. Laine va C.C. Yang [11] da thiét lap tuong tu
két qua ctia Hayman cho mot kiéu da thiic sai phan
dac biét ctia ham nguyeén siéu viét c6 bac hitu han.
Hai ong da chiing minh két qua sau day:

Dinh ly 10 [11]. Cho f la ham nguyén siéu viét
c6 bac hitu han trén C va ¢ 1a mot sd phiic khéc 0,
n la mot s6 nguyen, n > 2. Khi d6 " (2) f (2 + ¢)
nhan a, a € C,a # 0, vo han lan.

Nam 2009, K. Liu va L.Z. Yang [12] da thiét lap
cac két qua tuong tu Dinh 1y 10 cho toan tit sai phan
cuia ham nguyeén siéu viét c6 bac hitu han.

3. Gia thuyét Hayman trong trudng sb p-adic

Trong muc nay ta luon gia thiét K 13 mot truong
dic s6 khong, day dt véi chuan khong Archimedean
va dong dai s6. Cac khai niem, ky hiéu va két qua
diing trong bai bdo nay & cac tai lieu [2-6]. Vi chuan
p-adic t6t hon chuan Euclidean nén nhiéu két qua
trong ly thuyét Nevanlinna p-adic tot hon cac két
qué trong 1y thuyét Nevanlinna. Chéng han, tit Dinh
Iy Picard p-adic [2] ¢6 thé suy ra ring: Néu mot ham
nguyén f trén K thoa man f* (2) f (2) #1véin > 1
14 mot s6 nguyén duong va v6i moi z € K thi f 1a
hing. Vi vay, sau day ching toi sé néu ra tuong tu
ctia Gia thuyét Hayman cho truong p-adic déi véi
ham phan hinh trén K.

Gia thuyét Hayman p-adic [5]. Néu mot ham
phan hinh f trén K théa man f* (2) f (2) # 1 véin
14 mot s6 nguyén duong nao dé va véi moi z € K thi
f 1a hing.

Két qua dau tién theo huéng nghién cttu nay thuoc
ve J. Ojeda [13]. Nam 2008, J. Ojeda [13] da nhan
ducc két qua sau:

Dinh ly 11 [13]. Cho f 1a ham phan hinh trén K,
n > 2 1a mot s6 nguyen va a € K— {0}. Khi d6 néu
7 (2) f (2) # a v6i moi z € K thi f la hing.
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Nam 2014, A. Escassut va J. Ojeda [14] da xem xét
Dinh 1y 11 trong truong hop n = 2. Gan day, Ha Huy
Khoai va Vit Hoai An [3-5], Ha Huy Khoai, Vi Hoai
An va Nguyén Xuan Lai [6], Vi Hoai An - Lé Thi
Hoai Thu [15] da thiét lap cac két qua tuong tu cac
Dinh 1y 3, 8, 10 cho da thitc vi phan, toan tit sai phéan,
da thiic sai phan ciia ham phan hinh trén K. Cac két
qué nay da gop phan khing dinh Gia thuyét Hayman
p-adic. Nam 2011, Ha Huy Khoai va Va Hoai An [3]
da tdng quéat hoa két qua ctia J. Ojeda [13] cho da
thitc vi phan kiéu f7((f)*)™. Ho da nhan dugec két
qué sau:

Dinh 1y 12 [3]. Cho f la ham phan hinh tréen K
théa man diéu kien f*((f)*)"(2) # a v6i moi z €
K, a € K—

Khi d6 f 1a da thiic bac < k& néu mot trong cac dieéu

{0} va cac s6 nguyen khong am m,n, k.

kién sau day xay ra:

i) f 1a mot ham nguyén

1+ V1+4k

ii)k>0vam=1,n> 5

n>1

Dinh 1y 13 [6]. Cho f la ham phan hinh trén K,
n, k 1a cic s6 nguyén duong, n > k+2,a € K, a # 0.
Néu (f")*)(2) # a, v6i moi z € K thi f 1a hing.
Cho da thitc vi phan P = f7((f)™) @) . ((f)m) )
tréen K. Khi dé ta cé:

DPinh 1y 14 [5]. Cho f la ham phan hinh trén K,

k7 ny, n2, ...,

hoacm > 1,

ng, t1,ta, ..., 12 cac s6 nguyén duong,
n 1a s6 nguyén khong am théa man diéu kién
k k
n;>tjvéimoil <j<k n+» n>2+> t
j=1 j=1
a €K, az#0. NéuP # a, véi moi z € K thi f 1a
hing.

Cho f la ham phan hinh trén K. Toan t sai phan
cap n + 1 ciia f duge xac dinh nhu sau:
Acf=flzte)f(z), AL f =D fo,
AL (f(z+e)— F (=)
n=1,2, .. 6déce K la mot hing s6 khac 0.

Cho P la da thic bac n tren K. Viét P = ap(z —
ap)™ . (z —as)™.

Dinh 1y sau day khang dinh Gid thuyét Hayman

AP f =

p-adic d6i v6i todn t1t sai phan p-adic.
Dinh 1y 15 [4]. Cho f ham phan hinh khac hing

tréen K va n, k;, 8,q,7 = 1,2,...,q 1a cac s nguyén

q .
duong, s > 1, > 1,k; > 1,n > > (2k; +1)2" +q +
=1
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g
s+1-3>" ki, via € K, a # 0. Khido P(f)(ALf)"

i=1

(AL )R

nhan gia tri a.

Dinh 1y sau day khang dinh Gia thuyét Hayman
p-adic dbéi v6i da thidc sai phan p-adic.

Dinh 1y 16 [4]. Gid st f 1a ham phan hinh khac
hing tréen K n,q;, s, k,i = 1,
duong,s > 1,¢;, > 1,k>1,n> Zq2+2k—0—8—|—1 a €

K, a # 0. Khi doP(f)(f(erC))ql (f (2 + ko)™

nhan gia tri a.

k: 14 cic s6 nguyen

Trong trudng p-adic nhiéu bién, Vii Hoai An - Lé
Thi Hoai Thu [15] nhan dugc két qué sau:

Dinh 1y 17 [15]. Cho f 1a ham phan hinh trén K™
va n 14 s6 nguyén duong, n > 1. Gid st ring f"()Zk

khong nhan gia tri 1, véi méi k = 1,...,m. Khi d6 f

12 ham hang.
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