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1. Mé dau

Van dé nhan gia tri v duy nhat déi v6i dao ham phan
hinh p-adic 14 vAn dé dugc nhiéu nha toan hoc trong nudc
va trén thé gidi nghién citu. Van dé nay c6 lien quan véi dao
ham ciia ham phan hinh vA anh ngudc ctia cac diém phan
biet. Ngusi khdéi xuéng huéng nghién ciu nay la Hayman.
Niam 1967, Hayman dua ra gia thuyét sau day:

Gia thuyét Hayman [1]. Néu mot ham nguyén f théa
man f*(z) f (z) # 1 vdi n la mot s6 nguyén duong nao do
va vdi moi z € C, thi f la hdng.

Cac két qua lien quan dén Gid thuyét Hayman da hinh
thanh va phat trién huéng nghién ctiu: Syt lta chon Hayman.
Gia thuyét Hayman ddi véi ham phan hinh duge gidi quyét
nam 2005. T nam 2008, Gid thuyét Hayman dugc nghién
citu trong trudng hop p-adic. Ojeda la ngusi dau tien da xét
phan bé gid tri ctia f*f véi f 1a ham phan hinh p-adic.

Nam 1997, Yang va Hu da chiing minh dudc két qua dudi
day:

Dinh 1y A [2]. Cho f va g la hai ham phan hinh khdc
hing, n > 11 la mot s6 nguyén va a € C - {0}. Néu ff va
g*q nhan gid tri a CM thy hodc f = dg vdi d"' = 1 hodc
f(2)=cie® va g(z) = ce™% , ¢ dé c, c1, ¢y la cdc hing sb
va, théa man (crcy)" ' @ = —a?.

Nam 2012, Ha Huy Khoai, Vi Hoai An va Nguyén Xuan
Lai [3] da xét phan bo gia tri va van dé duy nhat d6i véi ham
phan hinh p-adic dang (f*)®, (¢")*). Ho da thu dugc két qua
tuong tu clia Yang - Hua (Dinh 1y A) déi v6i ham phan hinh
p-adic.

Trong bai béo nay, ching toi dua ra két qua tuong ty Dinh
Iy Yang - Hua cho ham phan hinh p-adic trong truong hop
khong tinh boi. Cu thé ching t6i ching minh duge dinh 1y
sau:

Dinh ly 1. Gid sit f va g la hai ham phdn hinh khdc hang
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trén K va Egnp(a) = Egng(a),a € K,a # 0,n > 22. Khi dé
f=dg, véid"tt =1,d € K.

Cong cu chinh dé chiing minh 1a dinh 1y Nevanina p-adic
trong truong khong Acsimet, cic khai niém, tinh chat va ky
hiéu co ban trong bai bao theo [4].

2. VAn dé nhan gia tri va duy nhét cho ham phan hinh
p-adic

Trude hét ta can cac bo dé sau:

Bo6 dé 2.1 [4]. Cho f la ham phan hinh khdc hing tréen K

va gid SU ay, G, ..., aq la cdc gid tri phan biét cia K. Khi do
(q_l)T(rvf)SNl(T7f)+ q Nl(ﬁ#)_lOgT"‘O(l)
i=1 f-a

B& dé 2.2. Cho f va g la cdc ham phan hnh tren K va

1 1 Jae
F=—""
¢

1. Néu E;(1) = E,(1) va L # 0, khi dé

RS Uil e

T(r, f) < No(r, f)+No(r, %)-HVz(T', g)+No(r, é)—log r+0(1)

va tuong tu bat dang thite doi vdi T(r, g).

2. NéuFE (1) = Ey(1) va L = 0, thi mot trong ba tritong
hop dudi day zay ra:

DT, 0) < N £) + N, 2) + Nyl g) + Vi, ) -
logr +O(1)
va tiong tu bat ddng thite doi vdi T(r, g).

i) fg=1.

i) f = g.

Chitng minh. 1. Dugc suy ra triyc tiép tit chiing minh
Bo dé 3.5 ctia [5).

2.DoL=0taco

@

PTG
Do d6
_ag+b
f: L
cg+d

6 .do6 a,b,c,d € K théa man ad — be # 0. Khi d6 T(r, f) =
T(r,g)+0(1)

Tiép theo ta xét cic truong hgp nhod dudi day:

Truong hop nhé 1. ac # 0. Khi do

a b—u
fote
¢ cg+d
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Do Bb dé 2.1
1
f _

T(r, f) < Ni(r, f) + Na(r, )+ Ni(r, f) —logr + O(1)

ol

1
- Nl(T,f)+N1(T,g) +N1(7n7?) —10g7’+0(1)
Ta dugce i).
Truong hop nhé 2. a # 0,c = 0. Khi d6 f = 2. Néu
b # 0, thi theo B& dé 2.1 ta c6

1
f-

T(r, f) < Ni(r, )+ Na(r, )+N1(T,%)—logr+0(1)

Qo

= Ni(r, f) + Nui(r, ;) + Ny (r, %) —logr+ O(1)

Ta dugce i).

Néub =0, thi f =2 Néu? =1 khido f=g. Ta

a
dugc iii).

Néu ¢ 2 1, thi theo E(1) = E4(1) tac6 f # 1,f # 4.
Cht ¥ raing néu f 1a ham phan hinh trén K 1a khong bao gio

liy tren hai diém trong K, khi d6 f 1a hiing s (xem [6, 7)).
Tir dieu nay va f # 1, f # 4 ta nhan dugc mau thuan.

Truong hop nho 3. a = 0,¢ # 0. Khi d6 [ = Cgﬁ. Néu
d # 0, theo B& dé 2.1 ta ¢o

1

T(va) < Nl(rvf) —|—N1(’I“, f_

)+ Ni(r, %) “logr 4+ O(1)

Ulor

= N )+ Ni(r )+ Mo, )~ logr+ O(1)

Ta nhan duge 1).

Néud =0, th f =
dugec ii).

Néu 2 # 1, thi theo Ey(1) = Ey(1) ta c6 f # 1, f # L.
Bang 1y 1é tuong t1t nhut trong truong hgp nhd 2 ta nhan duge

%. Néu 2 =1, thi fg = 1. Ta nhan

mau thuan.

B dé 2.2 duge chiing minh hoan toan.

B6 dé 2.3. Cho f va g la cdc ham phan hinh khdc hing
trén K. Néu E;(1) = E,(1) thy mot trong ba truong hop sau
day la dung.

)T ) € Nalr )+ Nalr ) + Nalrg) + Mot o) +

f
1 1
2(N1(7”, f)+Nl(T7 ?)) + Nl(rv g) + Nl(Tv 5) - 2109 r+ O(]‘)
Bat ding thic tuong tu cing ding cho T(r,g);
i) fg=1.
iii) f= g.

Chiing minh. Dat

1 1 1 ! 1
I = .G = 7L:L_2 f _974_2 g
f=1 g—1 I f-1r g g-1

/
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Khi do

L=F-a

Bay gio ta xét hai truong hop sau:
Truong hop 1. L # 0. Do (2.1) nén tat ci cac cuc diém ciia

(2.1)

L déu c6 bac 1. Viét f = ;— (tuong ting g = 9N ), 6 do
2 92
f1, f2 (tuong ting g1, g2) 1a cdc ham chinh hinh trén K va

khong c6 khong diém chung. Khi dé

Fe fife = fofi L (A7 fo= 2" i) o = 265(f1f2 = f311)
- = .

12 /3
I Wh=RHh-2h-H) [ _ih-F#h) (22)
f Rfifa= f31) -1 hlA-f)

Tuong tu

0 _ 909790920009~ 591). 9 _(9192-60) o3
g 92(9192 = 9291) -1 plo-g)

Tit (2.1), (2.2), (2.3) chiing ta c6, néu a 1a mot cyc diém
ndo dé ciia L, thi f(a) = oo hoac f'(a) = 0 hoac f(a) =1
hoiic g(a) = oo hoic g'(a) = 0 hodc g(a) = 1. Bay giv
xét a 14 mot cuc diém ndo dé cua L véi pF(a) = 1. Viét

f= Z%, f3(a) # 0, f3(a) # co. Khi d6

1 z—a ., fz—fi(z—qa)
Ll Rl Py e S Ay )
=)= (= ) =20 = V(fs — Sz —a)

(fs=(z—a))?
PGl - a) -2 -0~ f-a)
F (fs=(z=a)(fs - fi.(z—a))

Tt (2.4) ta suy ra 47 (a) # oo. Do d6 néu a la mot cic
diém nao dé ciia f hoiic ¢ véi p¥(a) = pge(a) =1, thi

F77 G77

L(a) = [ (0) -

o (@] # o0 (2:5)

Bay gio xét a la mot khong diém ctia f — 1 véi pj(a) =

m. Do E;(1) = Ey(1) nén g(a) =1 va /L;(a) = n. Viét
F= ; i)m,Fl(a) #0,Fi(a) # 00;G = G E:la)"’Gl(a) £0,Gy(a) # 0o

Khi dé
Lo Fl(z—a)—mF,

W
—-m)F|(z —a) = (m+1)(Fi(z —a)
(z — a)mt?

F'=

[FY7(z—a)+ (1 —mkF)

F'/’ —

Tuong tu cho G',G”. Tt d6 suy ra
F?? G77

FoG
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L= a) + (=BG =)= o+ D(F( =) =
2—a Fl(z — a)mt?
(G (z=a)+ (1 -n)GY)(z —a) - (n+1)(Gi(z—a)—”Gl)}

Gi(z —a) —nGy

Néum =n=1 thi

E _ g o ]. F2 (Z )2

F G z-a(Fl(z—a) - F)(G(z—a) - G))

_ Fy(z—a)
(Fi (z=a) = F)(Gi(z —a) = G)

vanéum=n > 2, thi

oG
Fooa
1 [(Fl” (z—a)+ (1 =m)EF)(z—a)— (m+ 1)(F|(z — a) — mF})
2—a Fl(z—a)—mkF
_(G(z=a)+ (A -m)G)(z—a) = (m+1)(Gi(z —a) - mGl)}
Gi(z —a) —mGy

Tit cac ding thic trén va L khong dong nhat 0, ta
nhan duge néu m = 1 thi L(a) = 0 va néu m = n > 2 thi
L(a) # oo. Tt diéu nay va (2.1)-(2.5) ta thiy ring, néu a

la mot cuc diém ndo dé cha L thi

fla) = 0o véi p(a) > 2, hoacf(a) =0, ,u?c(a) > 2, hoic f (a) =

hodic f(a) = 1, véi py(a) > pg (), hoac g(a) = 0o véi p(a) > 2,

hodic g(a) =0, p)(a) > 2, hoic g (a) = 0, hodc g(a) = 1,61 py(a) > pf{a) (2.6)

Ti (2.1) ta c6

=N

N,
(T‘/ _ 1 _

) <N p) STl E)0) <N ) @)

~

Theo Dinh 1 chinh thit hai ta c6

1) log r+0(1)(2.8)

TmﬁSNMJHMm}HMmfl r

)=No(r,

1
—) la ham dém céc khong diém ctia f’ nhung

L
cac khong diém nay khong phéai cta f(f —1). Cing dinh
) & d6 mdi khong diém ciia f/ duge

O doé N()(

nghia tuong tu Ny (r, "

tinh v6i boi 1. Tuong tu

Tl1.0) < Nlr.ah+ 2 i, )=l )= log 10(1) @9
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Tu (2.8) va (2.9) ta co

T(r, f)+T(rg) <

Mo, AN Nl )= Vol )+ 1N )
N, =)= Nl ) —2 logr +0(1) (2.10)
Tit Ef(1) = E,(1) va Ny (r, il):Nﬁl(r, i1)+
leg(r, il)tacé
>2 1 1 1 1 1 1 1
N ) < Ml ) > () + Nt s b(a) > ()
+ NP, i) = )
Nu(r =) Ny, —) < NS, =) 4 Ny, s () > i)
1 F-1 1 )= o1 1 fﬁlﬂf /
N, — s ad(a) > (@)
+Nl?2(r7g 1;Lg(a)—u}((z))+ Ny ( _1)
< N9 )+ Ml o) > )+ N =)
< N9 )+ Ml o) > )+ T()

Tu day va (2.10) ta co

T ) < Nilr ) + Nl N0, ) = Nl 1) +
Ni(r,g) ++Ny(r,—)
N i) > () ~No(r, )=2 Iog £+0(1) @.11)
Tu (2.6) va (2.7) ta co
N 1) S V(L) < NP ) + N2 9) + Naalr, )+ Vi, )
NP D) + NP )+ Ml (@) > a(a)
+N1(r,gi1; Y(a) > () + O(1) .12)
Két hop (2.12) véi (2.11) ta co
T(/"v f) < ]\’T‘Z(/"ﬁ f) + Nl(h %) + Nng((Y} _(])) + NZ(“ %) + Nl(/’" f i lulf(a‘)
+ Mgl —=i ) > i) =2 logr + O(1) 2.13)
Mat khac ta thay
1 1 1 1
N(r, ﬁ) — Ni(r, f—1)1+ N(r, f) — Ni(r, }) <
1 Nl(r7 ?)u
N(T,?) < Ni(r, f) + N(r,—) +0(1)
Cht ¥ ring
Ny, s (@) > i}(@)) < N(r, ) = Ny(r,
7f_17f il = 7f_1 ’f_l
Vi vay
1 1
Ni(r, = 1;u}(a) > pg(a)) < Ni(r, f) = Ni(r, ?) +0(1)
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T(r, F') < No(r, F') + Naf(r,

2(Ny(r, F') + Ny(r,
0(1)

Tuong tu ta co

1

Nilr, i) > (@) < Nilr.g) = Ni(r. )+ O(1)

Két hop v6i (2.13) ta nhan duge Truong hop 1.
Truong hop 2. L = 0. Chitng minh tuong ty 2. cia B
dé 2.2.

Chitng minh Dinh 1y 1
Dat

fn+1 gn+1

a(n+1)’ a(n+1)

Khi do

F/:fnf/ G/:ﬂ
a a

Ta c6

1 1
< )<
) S 2Ny (r, ’f’) <

QTMf%+NM%ﬂ+OO%anF):WWWJ)
1
b

&) <2l o) + N
,) + 0(1)7 NZ(TvG) = QNI(Ta g)

No(r, ch)+N(7"

Nalr,

< 2Ny(r, =) + N(r, %) <
2T(r, f) + N(r, ?) +O(1), 2N(r, F') = 2N (r, f)
1

N(G’

)<M@?+M }snm+mwm+mm
' Ni(r,G") = Niy(r,9)

n ) ST )+ Nl ) +0(1)

N(r, ;) <T(r,g) + Ni(r,g) + O(1)

N(
(2.14)
Tu Ef”f’(a) = Eg"g

,(a) dan dén EF/<].) = Egl (1)

T l) +N(r, f) <T(r, F') + O(1) (2.15)

(n—1)T(r, f)+ N( 7

Ap dung B dé 2.3, Bb dé 2.2 ta xét cac truong hop

sau:

Truong hop 1.

F’) + No(r,G') + No(r, =

+N1(T Gl) +N1(

) -

Két hop véi (2.14) va (2.15) ta c6

(n_l)T(T7 f) < 6T(T‘, f)-|—5T(T’, g)—|—6N1(T’7 f)+5N1(7ﬂa g)_
N(r, f) =2 logr+ O(1)
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(n=1)(T(r, f)+T(r,g9)) <2UT(r, f) +T(r,g)) — 4 logr +
o)
Khi dé

(n—=22)(T(r, f)+T(r,g)) + 4 logr < O(1)

Khi n > 22 ta thiy mau thuan.

Truong hop 2. F'G' = [ f'g"¢' = 1.

Ta sé chiing minh f # 0 va g # 0. Gia st ring f
c6 mot khong diém a véi p$(a) = m. Khi d6 a la mot
ce diem ctia g v6i pd(a) = p do f"f'g"g’ = 1. Vi vay
nm+m—1=np+p+ 1.

Do d6 ta ¢6 (m — p)(n+ 1) = 2. Diéu nay la khong thé

xdy ra vi n > 22 va m,p la cic sd nguyén. Vi vay f #0

va g # 0. Dodéf:f—,g:—,c"idéfl,gl la cac ham
1 9
nguyeén khac hing. Do f"f'¢g"¢' = 1, nén ta c6
fi = [P (2.16)

Do n > 22, nén ta c6
T(r, frg0) = T(r, 1)+ T(r,g,) < T(r, i) +T(r, g1) +O(1)

<T(r, {2+ T(r, g7"*) + O(1) (2.17)
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cho moi r du 16n.

Tt (2.16) va (2.17), ta nhan duge diéu mau thuan.

Truong hop 3. f*"f' = g"¢'.

Do dé ta c6 f*! = g"*! + . Ta sé chitng minh ¢ = 0.

Gi4 stt ngugc lai ¢ # 0. Ta ¢6 phuong trinh 2" 4¢c =0
¢6 n 4+ 1 nghiém phan biét z1, 29, ..., 2pe1. VO moi ¢ =
1,2,..n + 1, tt ca cac khong diém ctia ¢ — z; ¢6 boi
it nhat la n + 1. T Dinh 1y Quan hé s6 khuyét ta co
(n—&-l)(l—%H) < 2. T day suy ran < 2. Don > 22 ta
c6 mau thuin. Vay ¢ = 0. Do d6 f**! = ¢"*!. Nen f = dg
v6i d"*! = 1. Dinh 1y 1 dugc chitng minh.
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